A computer simulation has been used to calculate the effects of J coupling on the amplitudes of echoes produced by CPMG sequences. The program computes the evolution of the density matrix for different pulse intervals and can predict the signals obtainable from spin systems of any size and complexity. Results from the simulation confirm the prediction that a decrease in the effects of J coupling is largely responsible for the bright fat signal seen in fast spin echo imaging at high pulse rates. The effects of J coupling on CPMG echotrains are examined for A 3 B 2 and A 3 B 2 C 2 spin systems over a wide range of J coupling and chemical shift values and pulse spacings. The effects of J coupling on the point spread function obtained with fast spin echo imaging are also discussed.
INTRODUCTION
Spin-echo (SE) imaging possesses considerable flexibility for manipulating T 1 and T 2 tissue contrast and is often considered to be the reference standard by which other MR imaging techniques are judged. Since the introduction of fast spinecho (FSE) imaging, in which several echoes that are phase encoded to different degrees are acquired following each excitation, numerous papers have been published directly comparing the characteristics of FSE images to those of conventional SE images (1) (2) (3) . These studies have shown that FSE images provide similar degrees of control over T 1 and T 2 contrast as SE images, as well as comparable tissue differentiation and image detail (2) . However, when FSE images are acquired with particularly rapid pulse rates, the signals from tissues such as fat and the substantia nigra are much brighter than in SE images. Several previous reports have proposed that the bright fat signal that occurs when short echo spacings are used is caused by a suppression of J coupling effects (2) (3) (4) (5) .
The dependence of the NMR signal on the spacing of refocusing pulses in multiecho sequences has been demonstrated experimentally in a number of complex J-coupled systems, among them: corn/vegetable/olive oil (4, 6 -10) , diethyl ether (4, 11) , pork fat (4), and bone marrow (12) . These studies all find an increase in the signal from J-coupled nuclei as the pulse spacings decrease. The theoretical explanation of this phenomenon was provided by Allerhand, who derived an expression for the CPMG signal from J coupled systems (13) . He showed that if the spacing of the refocussing pulses was short enough, the effects of J coupling disappear. However, the pulse rates in most SE and FSE imaging sequences of practical interest fall short of the strict fast pulse requirement; thus the solution in this limit merely provides a qualitative understanding of signal behavior. In addition, Allerhand's equation for the signal produced in CPMG sequences outside of the ultra-fast pulse regime has closed form solutions only for simple spin systems. As a result, the effects of J coupling for complex spin systems, or situations comparable to those experienced with imaging in vivo, have not previously been analyzed quantitatively.
This paper presents the results of numerical simulations of the effects of J coupling on SE and FSE signals, as well as experiments to verify the accuracy of the simulations. The solution of Allerhand's equation requires the construction and manipulation of large matrices and is therefore well suited to the numerical analysis described here. Several papers have previously been published describing the use of computer programs to analyze the effects of complex pulse sequences (14 -17) . The simulations described here are unique because of their flexibility in handling spin systems of arbitrary complexity and CPMG sequences of any length. We used the simulations to study the behavior of the signal produced in multiecho sequences from a number of relevant spin systems in tissues. These calculations clarify how the effect of J coupling varies with chemical shift and J coupling parameters and with pulse spacing.
In addition to showing a brighter signal from fat, FSE images also may exhibit increased blurring and ghosting artifacts in the phase-encode direction because the amplitudes of each echo in an echo train are different. While these artifacts can be explained in part by the T 2 decay which occurs between acquisitions of lines in k-space, they are also affected by the modulation of the echo train by J coupling. Therefore, we also investigated the influence of J coupling effects on the point spread function of FSE images.
THEORY

Evolution of the Density Matrix in an FSE Sequence
J coupling is a quantum mechanical phenomenon with no classical analog, and therefore its effect on nuclear magnetization must be studied using an appropriate quantum mechanical formalism. Given that we are interested in the ensemble behavior of the nuclear spins, we use the density matrix to follow the development of the system during the CPMG pulse sequence.
The signal measured in a magnetic resonance experiment is proportional to (18) 
where Î x is the x component of the total angular momentum operator. For a time independent Hamiltonian, the time dependence of , the density matrix of the system, is given by ͑t͒ ϭ exp͑ϪiĤ t͒ 0 exp͑iĤ t͒, [2] where 0 is the density matrix at t ϭ 0, Ĥ is the Hamiltonian of the system and exp(ϪiĤ t) is the time evolution operator. Therefore, the effect of J coupling on the signal measured using a CPMG sequence can be determined by following the time evolution of (t) through each phase of the sequence. Figure 1 shows a diagram of the operators acting on the density matrix in the course of a CPMG experiment. The expression for the density matrix at the n'th echo is (13)
where is the spacing between 180Њ x pulses. The operators are [4] and the rotation operator for the 180Њ x pulse,
The Hamiltonian is given by
where J jk is the J coupling constant between spins j and k, and ␦ j is the chemical shift of nucleus j with respect to the average Larmor frequency of the spins. A term containing the overall chemical shift of the system and terms which do not involve chemical shift or J coupling are omitted from the Hamiltonian as they do not affect the following calculations. Combining Eqs. [1] and [3] gives the final expression for the signal:
The effect of T 2 relaxation has been omitted for clarity, but can be included by multiplying the RHS of Eq. [7] by exp(Ϫn / T 2 ). Note that in Eq. [7] , the time evolution operator, exp(Ϫi/ 2Ĥ ), is a function solely of terms containing J jk and ␦ j . As a result the signal at any echo in a CPMG train depends on the products, J jk and ␦ j , not on J jk , ␦ j , or individually. Finally, the contribution of a specific spin, j, to the signal can be obtained by substituting Î xj for the final Î x in Eq. [7] . Equation [7] is not simplifiable because Ĥ and R 180x do not commute. As a result, analytic solutions to this expression are exceedingly difficult to find. However, in the matrix representation that diagonalizes exp(Ϫi/ 2Ĥ )R 180x exp(Ϫi/ 2Ĥ ), Eq. [7] becomes
where the j are the eigenfunctions of exp(Ϫi/ 2Ĥ )R 180x exp(Ϫi/ 2Ĥ ), and exp(i j ) are the corresponding eigenvalues (13 [9] where the coefficients c m and m are real and M Յ 2 N (2 N Ϫ 1) (N ϭ number of spins in the system). Thus, in the absence of relaxation, this equation shows that for a multiple spin system, the amplitudes of the echoes in a CPMG train are modified by a large but finite number of frequencies. The values of c m and m depend solely on the relative chemical shifts (␦ j ) and coupling constants ( J jk ) of the system and on . In the simplest case of a weakly coupled two spin system, Eq. [8] reduces to the familiar result, S͑n͒ ϰ cos͑Jn͒.
[10]
S(n) in the Fast Pulse Rate Limit
In the limit that
the term exp(Ϫi/ 2Ĥ ) can be expanded to first order in Eq. [3] . As shown in Ref. (13) , the chemical shift terms disappear in this limit and the remaining operators commute. As a result, the density matrix remains constant over time and
Thus, when becomes sufficiently small, the echo train modulation caused by J coupling disappears. Without this modulation, the signal from J coupled spins at any echo time becomes substantially greater. This is the cause of the brighter fat signal seen in FSE images.
COMPUTER SIMULATIONS OF ALLERHAND'S EQUATION
Analytic solutions for Eq. [7] / [8] have been published only for the AB, A 2 B, and A 3 B spin systems (13) . The pulse rates in most SE and FSE imaging sequences of practical interest fall short of the fast pulse regime in which Eq. [7] reduces to Eq. [12] ; thus the fast pulse solution gives only limited insight into the expected signal behavior.
To understand the role of J coupling in pulse rate regimes of clinical interest, it is necessary to solve Eq. [7] or [8] for complex spin systems outside of the fast pulse limit. Because the quantum mechanical operators discussed above can be represented as matrices, the solution of Eqs. [7] - [8] can be converted into a matrix algebra problem that can be solved numerically. With this in mind, we developed a series of computer programs that solve these equations. We then used the programs to obtain the SE/FSE signal behavior of a number of spin systems similar to those of biological interest.
The simulations construct matrix representations of the necessary operators and then use them to solve either Eq. [7] or [8] . The details of the algorithm are discussed in the Appendix. The programs were written in MATLAB (Mathworks, Natick, MA), a language that is particularly well suited for simulations that require substantial matrix manipulations.
In addition to calculating the signal from the entire spin system, the programs calculate the contributions of individual nuclei to the overall signal. They are capable of solving Eqs. [7] - [8] for spin systems of arbitrary size and complexity, provided the computer has enough memory to handle the resulting 2 N ϫ 2 N matrices. The only parameters needed to characterize a given spin system are the chemical shifts of its protons and their respective J couplings. The pulse sequence is characterized by the pulse spacing, , and the length of the pulse sequence (on which there are no restrictions).
If needed, the programs can also calculate the magnetization at any time between echo peaks by solving the equations
To verify the accuracy of the simulation results, the simulated echo trains for a range of A 2 B spin systems were compared to the echo trains obtained from Allerhand's analytical solutions for these systems. The simulation results agreed with Allerhand's to within 1 part per billion. In addition, we used the program's ability to generate a theoretical FID (from Eq. [13] ), to predict the spectra of a number of A 3 B 2 systems. The theoretical FID's for these systems were calculated and then Fourier-transformed to obtain their NMR spectra. The locations and magnitudes of peaks in these spectra were identical to the theoretical spectral peaks tabulated by Emsley (19) for A 3 B 2 systems with identical values of J/␦.
In order to clarify the manner in which the effects of J coupling depend on spin system and pulse sequence parameters, we studied a number of hypothetical strongly coupled A 3 B 2 and A 3 B 2 C 2 spin systems over a wide range of values of ␦ AB (ϭ͉␦ A Ϫ ␦ B ͉), J AB , and . In addition, we simulated the SE and FSE behaviors of a specific molecule, 1-pentene (CH 3 CH 2 CH 2 CH ϭ CH 2 ), which was chosen as a model for the hydrocarbon chains found in lipids. The sizes of true lipids, which typically contain 30 or more protons, makes simulation of their NMR behavior prohibitive-1-pentene was chosen because, as a ten-spin system, it was the largest hydrocarbon chain that our simulation could conveniently handle. The J coupling values and chemical shifts for the protons in 1-pentene were first estimated from values given in the literature for 1-hexene, 1-propene, and 1-butene (20, 21) . These estimates were then fine-tuned by matching the theoretical spectra they In addition to the computer simulations, the SE and FSE signals from 1-pentene were measured experimentally. Measurements of 1-pentene samples contained in 8-mm test tubes were performed at 2.0 T on a GE Omega imaging spectrometer.
SIMULATION AND EXPERIMENTAL RESULTS
For the simulation data shown below, the absolute value of the signal is shown relative to its value in the absence of J coupling. The figures show the effects of J coupling only; the additional decay due to intrinsic T 2 relaxation is omitted for clarity. Figure 2 shows the effect of J coupling on the echotrains of a strongly coupled A 3 B 2 spin system with ␦ AB ϭ 40 Hz and J AB ϭ 6 Hz. These J coupling and chemical shift values are representative of those found in hydrocarbon chains at 2 T: the system thus models the CH 3 CH 2 spin groups typically found at the end of hydrocarbon chains. Echotrains are shown at three values of to illustrate the effect that this parameter has on the CPMG signal. When ϭ 4 ms, the echotrain is barely modulated. As increases, the degree of modulation of the echotrain steadily increases, but remains smoothly varying, as seen in the ϭ 10 ms echotrain. However, at ϭ 30 ms (␦ AB ϭ 1.2), the signal drops off abruptly at the first and second echoes and then varies unpredictably.
A 3 B 2 Systems
The dependence shown in Fig. 2 of the echotrain on is representative of the behavior seen in all of our simulations. Above a threshold of which depends on the values of J and ␦ in the system, the behavior of the echotrain is erratic and difficult to characterize. Below this threshold, the echotrain varies smoothly, its modulation decreasing as decreases. The transition between the regimes of smooth and erratic modulation is very abrupt: in the A 3 B 2 spin system discussed above, the transition occurs between ϭ 20 and 21 ms.
The transition from smooth to erratic J coupling modulation can be best understood by analyzing the cosinusoidal terms that make up each echotrain (Eq. [9] ). Because n in Eq. [9] is restricted to integer values, the mth component of the signal, cos( m n), is sampled at a rate of 2/ m points per period. As m increases, cos( m n) becomes less smoothly sampled: above a threshold of roughly m ϭ /3, a plot of cos( m n) ceases to look cosinusoidal. As a result, any component of the echotrain which oscillates above m ϭ /3 will make an erratic contribution to the signal. Figure 3 shows the normal- 
FIG. 2.
The effect of J coupling on a strongly coupled A 3 B 2 spin system. The plot shows signal vs echo number for CPMG sequences where , the spacing between echoes, is 4, 10, or 30 ms. ␦ AB ϭ 40 Hz, J AB ϭ 6 Hz. Intrinsic T 2 relaxation is neglected. These three curves illustrate the general tendency of J coupling modulation to fall into one of 2 regimes: smooth or erratic modulation.
ized amplitudes, c m , and frequencies, m , of the components of the ϭ 10 and 30 ms echotrains shown in Fig. 2 . Clearly, many of the significant terms contributing to the 30 ms echotrain oscillate at frequencies well above /3 and thus will not be smoothly sampled. The only substantial contributions to the 10-ms echotrain come from a handful of low frequency components: these terms make a smoothly varying contribution to the modulation. In addition, the zero frequency component is much larger in the 10-ms echotrain. In general, as increases, the unmodulated component of the echotrain decreases and the range of frequencies represented in the echotrain becomes steadily broader. A similar broadening (of the range of frequencies contributing to the echotrain) occurs as any values of J or ␦ in a system increase.
In Fig. 3 , the number of frequency components in both echotrains is 29. This is substantially smaller than the 2 5 (2 5 Ϫ 1) possible combinations of m ϭ ͉ j Ϫ k ͉ because many of the differences have the same value or are zero. Furthermore, because n must be an integer, cos( m n) ϭ cos[(2 Ϫ m )n]. Therefore, all m falling between [, 2] can be mapped to 2 Ϫ m . Figure 4 shows the CPMG signal at TE ϭ 120 ms, as a function of . The relative signals were calculated for a set of A 3 B 2 spin systems with ␦ AB ϭ 40 Hz and J AB ϭ 2 to 14 Hz. When is short, the signal drops off smoothly as either J or increases. However, between ϭ 10 and 30 ms (depending on J), the curves change abruptly from being smoothly varying to being unpredictable. The signal loss in the erratically coupled regime is much less dependent on the values of J or . This again reflects the unpredictable manner in which J coupling modulates the echo train for larger . Note that the value of at which the transition to erratic modulation occurs does not vary linearly with 1/J-this is because the value of ␦ AB also determines when this transition occurs.
The simulations suggest that because J coupling can cause the signal in an echo train to fall off dramatically, its effects mimic those of T 2 relaxation, although the decay is clearly nonexponential. In order to estimate an "effective" T 2 for an echo train, we fit the initial monotonic portion of the signal Fig. 5a shows that T 2eff drops at a roughly exponential rate as increases. Similar behavior is seen in Fig. 5b , for T 2eff vs J. Both figures demonstrate that the effective T 2 can be very short (Ͻ100 ms). As a result, in strongly coupled systems, the effects of J coupling may dominate the decay of transverse magnetization in CPMG sequences, so that the apparent T 2 of protons in even simple molecules reflects coupling rather than relaxation. Figure 6 shows the relative signal of the echo trains of a set of A 3 B 2 C 2 spin systems, where ␦ AB ϭ ␦ AC ϭ 40 Hz, J AB ϭ 6 Hz, J AC ϭ 0 Hz, and ϭ 20 ms. (The B and C spins are not magnetically equivalent because J AB J AC .) J BC ranges from 0 to 6 Hz. For reference, the solid gray curve shows the signal decay of an A 3 B 2 system with identical values of ␦ AB and J AB . When J BC ϭ 0, the A 3 B 2 C 2 echotrain contains the same frequency components as the A 3 B 2 echotrain, but, except for the zero frequency component, the amplitude of each component is smaller since two of the seven spins do not contribute to the modulation. The presence of the uncoupled spins in this system thus dampens the overall effects of J coupling. As J BC increases, the A 3 B 2 C 2 echotrains become more modulated, especially at lower frequencies, though they are still not as strongly modulated as the A 3 B 2 echotrain. Because ␦ BC ϭ 0, the B and C spins approach magnetic equivalence, and so the J coupling between them is less apparent than that between the A and B spins.
A 3 B 2 C 2 Systems
1-pentene
Simulated and experimental echotrains for 1-pentene are shown in Fig. 7 for ϭ 2, 12, 16 , and 20 ms. To match the experimental setup, the simulations were run assuming a field strength of 2 T. At each value of , the simulated and experimental echotrains exhibit nearly identical oscillations, though the oscillations of the simulated echotrains are more exaggerated. Both sets of echotrains show the same general features seen in the A 3 B 2 data: the echotrain is nearly unmodulated when ϭ 2 ms and becomes more modulated as increases. A transition between smooth and erratic modulation occurs around ϭ 20 ms. The disparity between the amplitudes of the modulation of the simulated and experimental data may arise from effects such as stimulated echoes (from using imperfect refocusing pulses in the experimental measurements), or coherence transfer cross-relaxation phenomena, which are not accounted for in the simulations.
DISCUSSION
The erratic echotrain behavior observed in our studies of A 3 B 2 systems and 1-pentene has also been observed experimentally in studies of diethyl ether, a strongly coupled A 3 B 2 system (4, 11). However, measurements of the pulse spacing dependence of lipids such as corn oil and pork fat have found a smooth pulse spacing dependence (4, 6, 8, 10) . The differences between the CPMG signal behavior of lipids and systems such as 1-pentene may arise from the longer chains of saturated methylene (CH 2 ) protons in lipids. The chemical shift differences between these neighboring methylene groups are very small and, as Fig. 6 demonstrates, this can lead to a dampening of the effects of J coupling.
The Point Spread Function of J Coupled Echotrains
T 2 decay occurs during the acquisition of data in a CPMG experiment, so successive echoes (and hence different lines in k-space in FSE) have smaller amplitudes. This effect alone can cause blurring in the phase encode direction of an image (1, 23, 24) . The presence of J coupling induced modulation in the echotrain will further affect the image point spread function (PSF), as has been demonstrated for weakly coupled spin systems [Chao, 1997 #96; Duyn, 1995 #95] . In this section we derive expressions for the PSF due to the effects of J coupling.
Assuming that the phase encode direction is y, the signal in an FSE image can be written as the convolution (24)
where h JC is the point spread function (PSF) due to J coupling, h T2 is the PSF due to T 2 decay, and f SE is the signal in a SE image of the same region. h JC is given by
where c m and m are the coefficients used in Eq. [9] (where 0 ϭ 0), n is the echo number, and k y denotes the position along the phase encode axis of k-space. The PSF will clearly depend on n(k y ), which defines the order in which phase encode steps are acquired. One possible ordering scheme, where positive and negative values of k y have the same dependence on n, is shown in Fig. 8a . n(k y ) is given by
Equation [16] describes an imaging scheme which uses two spin excitations to fill k-space, but can also approximate schemes which use a greater number of excitations. Inserting Eq. [16] into [15] yields
where
and 2l is the field of view of the image in the y direction. A monotonic trajectory (such as for a single excitation sequence) may also be used, where and n 0 is the echo at which the zeroth order phase encode step is acquired. In that case,
[19]
The imaginary terms result from the fact that n(k y ) is not even. A plot of Eq. the effects of convolution with these terms resemble ghosts of the derivative of the J coupled regions.
CONCLUSION
The computer simulations described in this paper have provided a powerful tool to examine the effects of J coupling in a variety of spin systems. They demonstrate that in general, for pulse rates typical of conventional spin echo sequences, the presence of J coupling in a system dephases the transverse magnetization substantially. As the values of J and ␦ increase, the effect of J coupling progresses from a slight signal attenuation to severe and erratic signal dephasing. The rapid dephasing and erratic modulation are caused by the interference of the large number of discrete frequencies which modulate the echotrain. In the erratic dephasing regime, the signal loss at a specific echo in the train can be as high as 99% relative to the decoupled signal, and this loss may already be apparent in the second or third echo.
Conversely, when the CPMG echo spacing is very short, the J coupling modulation disappears and lipid signals become bright. A modification of the FSE sequence has recently been suggested which suppresses this lipid signal by exploiting the dependence of J coupling effects on pulse spacing (25, 26) . In the DIET sequence, the first refocusing interval is made longer than subsequent refocusing intervals. This allows a greater mixing of coupled spins during the first echo, which leads to dephasing and hence signal attenuation.
APPENDIX
Simulation Algorithm
To solve Eqs. [7] - [8] using matrix operators, it is first necessary to construct an appropriate set of basis states to represent the system. The most numerically convenient set of basis functions were the eigenstates of the Zeeman Hamiltonian, [21] where N is the number of spins in the system and Î zj is the z component of the angular momentum operator for nucleus j. The basis set is an orthonormal set of simple product wavefunctions representing all possible combinations of the eigenstates, denoted ͉ϩ͘ and ͉Ϫ͘, of Î zj for each individual nucleus, j. In an N-spin system there are 2 N possible combinations of the ͉ϩ͘ and ͉Ϫ͘ states.
Each product state is represented by an N-term vector, where the jth element in the vector describes the state of spin j. A "1" signifies the spin is in the ͉ϩ͘ state, while a "Ϫ1" signifies the spin is in the ͉Ϫ͘ state. The entire set of product wavefunctions is stored in a 2 N ϫ N matrix, P, where each row represents a separate product wavefunction. For a 2-spin system, the matrix of product wavefunctions, P, looks like 
[22]
If the product wavefunctions are denoted ͉a m ͘, where m ϭ 1, . . . , 2 N , then
where the eigenvalues are given in units of ប.
The basis functions are not used explicitly in solving Eq. [7] , but are needed to form matrix representations of the Î x , R 180x , and Ĥ operators. The matrix representation of each operator can be constructed using
where X is a quantum mechanical operator and the symbol Џ denotes "is represented by." The operator Î x is equal to ¥ Î xj , where the effect of Î xj on a given wavefunction is to reverse the jth spin state. Consequently, Î x generates a series of N product wavefunctions, each differing from the original in only one spin state. In a 2-spin system, for example,
[25]
The product functions, {͉a m ͘}, are orthonormal; therefore when Eq. The product states are shown along the sides of [26] to clarify their ordering. It is also possible to calculate matrix representations of Î xj , which are needed if one would like to calculate the contribution of the jth nuclei to the signal. The nonzero elements of I xj are those connecting wavefunctions that differ solely in the jth spin state. The 180°rotation operator, R 180x , can be written in the form
The operator therefore flips every spin state in a product wavefunction. In a 4-spin system, R 180x ͉ϩϪϩϩ͘ ϭ ͉ϪϩϪϪ͘.
[28]
To construct the matrix representation of R 180x , the simulation compares each pair of wavefunctions and assigns a value of i N only when the spin states of ͉a m ͘ and ͉a n ͘ are exactly opposite one another. For a 2-spin system,
The final matrix needed to solve Eqs. [7] - [8] is the Hamiltonian,
[30]
The values of ␦ j and J jk are contained in 1 ϫ N and an N ϫ N matrices, which can be read from an input file. The dot product Î j ⅐ Î k in the Hamiltonian can be expanded to give (27)
[31]
Î ϩ and Î Ϫ are the raising and lowering operators, where
[32]
The Î jϩ Î kϪ operator only returns a nonzero product state when the j nucleus is in the ͉Ϫ͘ state and the k nucleus is in the ͉ϩ͘ state. Once the matrix representations of the Î x , R 180x , and Ĥ operators are formed, the calculation of the density matrix (and hence the solution of Eq. [7] ) at any n is straightforward. (The calculation of exp(Ϫi/ 2H) and the multiplication and inversion of matrices are simple procedures in MATLAB.) Equation [8] can also be solved by first calculating the transformation matrix that diagonalizes exp(Ϫi/ 2H)R exp(Ϫi/ 2H). We should note however that the transformation matrix generated by MATLAB will not necessarily be orthonormal if exp(Ϫi/ 2H)R exp(Ϫi/ 2H) has degenerate eigenvalues. In such cases, an orthonormal subset of eigenvectors must be created for each degenerate eigenvalue.
